HARMONIC CURRENTS OF FINITE ENERGY AND LAMINATIONS 



by 

John Erik Fornaess^ and Ncssim Sibony 

Abstract: We introduce, on a complex Kahler manifold (Af, ui), a notion of energy 
for harmonic currents of bidegree (1, 1). This allows us to define / T AT Aoj'^^'^ , for 
positive harmonic currents. We then show that for a lamination with singularities 
of a compact set in there is a unique positive harmonic current which minimizes 
energy. If X is a compact laminated set in of class it carries a unique positive 
harmonic current T of mass 1. The current T can be obtained by an Ahlfors type 
construction starting with a arbitrary leaf of X. 

1. Introduction 

Let X be a compact set in a complex manifold M. If X is laminated by Riemann 
surfaces, a result due to L. Garnett implies the existence of a positive current T of 
bidimension (1, 1) which is harmonic i.e. such that iddT = 0. Moreover in a flow 
box B, the current can be expressed as 

J h„[Vc.]dfx{a), (1) 

the functions ha are positive and harmonic on the local leaves Vq., and is a measure 
on the transversal. On the other hand there is a well known problem. Does there 
exist a compact laminated set X in P^ which is not a compact Riemann surface? 
See [CLS], [Gh] and [Z] where the problem is dicussed. If such an X does not exist 
then the closure of any leaf L of a holomorphic lamination in P^ will contain a 
singularity. 

In this paper we study positive harmonic currents directed by a laminated set 
with singularities. More precisely we consider compact sets X laminated by Rie- 
mann surfaces out of an exceptional set E. We will assume that E is locally pluripo- 
lar and that X \ E — X. We will call such a set {X, £, E) a laminated compact set 
with singularities. We consider on such sets harmonic currents T of order and 
bidegree (1, 1) in P^. The current T can be written in the form 

T ^ coj + dS 

where a; is the standard Kahler form on P^, c G R, 5 is a (0, 1) current. It turns 
out that dS depends only on T and that for a positive closed current one can define 
the energy E{T) of T by the following integral 



E{T) = j dSAdS 



and that < E{T) < cx3. It is hence possible to introduce a Hilbert space of classes 
of currents of finite energy. With this in hand the integral 



Q{T) ^ j T AT 
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makes sense for positive harmonic currents (not just the ones associated to {X, C, E)) 
and has the usual meaning when T is smooth. We then prove (Theorem 2.22): 

THEOREM 1.1. Let {X,C,E) be a laminated compact set with singularities. 
There is a closed positive laminated, current on X or there is a unique positive 
harmonic laminated current T on X minimizing energy. 

We then study the geometric intersection of laminated currents. We show, see 
Proposition 2.16 and Theorem 5.2: 

THEOREM 1.2. If X is a laminated compact set in P^, then X carries a 
unique laminated positive harmonic current T . The class of the current T is ex- 
tremal in the cone of positive harmonic currents. Moreover J T AT = 0. 

When X is not we have to assume "finite transverse energy" to get the result. 
The main tool is that the quadratic form Q is negative definite on the hyperplane 
{T;JT Au) = 0}. 

The current can be obtained using a variant of Ahlfors' technique. Let <I> : A ^ L 
be the universal covering map from the unit disc to a leaf L. Let Gr{z) = ^ log^ 
Define Tr := ($)*(Gr-[A]), r < 1. If ^(r) is the mass of we get that 

T= lim— ^. 

For that purpose we need to estimate the derivative of the estimates are valid 
for any laminated set. 

The main question that is left open in our approach is to estimate 

c(p2) inf{ J T AT; J T Aiv = 1,T > 0,iddT = 0}. 
If c(P^) > 0, then there is no laminated set in P^. 

2. Harmonic currents 

A subset y of a complex manifold M is laminated by Riemann surfaces if it 
admits an open covering {Ui} and on each C/j there is a homeomorphism = 
{hi, Xi) : Ui ^ A X Ti where A is the unit disc and Tj is a topological space. The 
(jf)^^ are holomorphic in z. Moreover, 

(l)ij{z,t) = (t)j o (j)i'^{z,t) = {hij{z,t),Xij{t)) 

where the hij(z,t) are holomorphic with respect to z. When Ti is in a Euclidean 
space and 0i extend to C*^ diffeomorphisms, we say that the lamination is C*^. We 
call the Ui flow boxes, {A, = to} is a plaque. A leaf is a minimal connected set such 
that if L intersects a plaque, then L contains the plaque. We only consider the case 
when we have a compact set X contained in a Kahler manifold M of dimension k. 
We assume that X contains a closed set E such that X \ E = X and X \ E is a. 
lamination C by Riemann surfaces. We call such a triple (X, C,E) a lamination 
with singularities, E is the singular set. We will say that {X,C,E) is oriented if 
there are continuous nonvanishing (1, 0) form 7^-, = 1, . . . , fc — 1 defined on X\E 
such that 7j A [Aq,] = for every plaque Aq,, [A^] denotes the current of integration 
on the disc Aq,. We only consider sets E which are pluripolar, more precisely, for any 
p G E, there are small balls B{p,r) and u, a plurisubharmonic function on B{p,r) 
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such that E D B{p, r) G {u ~ —00} and u is not identically —00 on K D B{p, r). 
When E n B(p, r) = {u = —00} wc say that E is locally complete pluripolar. A 
positive current T of bidimension (1,1) with support in X is said to be directed by 
C if on any open set U where C is defined by nonvanishing continuous (1,0) forms 
7j, j = 1 . . . , fc — 1 i.e. 7j A [Aq] = 0, we have 

T A 7j = 0. 

To introduce the notion of a minimal set for X we need the following assumption 
on the family of leaves L. 



There is a neighborhood V of E, so that no leaf is contained in V. (*) 

DEFINITION 2.1. A minimal set for {X, C, E) is a com.pact subset Y C X such 
that Y is not contained in E, moreover Y \ E is a union of leaves L and for every 
leafLcY\E,L = Y. 

PROPOSITION 2.2. Let {X,C,E) satisfy assumption (*). Then there are min- 
imal sets Y G X. Two different minimal sets intersect only on E. If M is a surface 
where the Levi problem is solvable and E is locally contained in a complex hyper- 
surface, then any two minimal sets intersect. 

Proof: Let V be an open neighborhood of E such that no leaf is contained in V. 
Let {Xa) be an ordered decreasing chain saturated for C Let X'^ := Xa H (X \ V). 
Then X'^ ^ 0. Hence (iXa ^ 0. So Zorn's Lemma applies. This shows that minimal 
sets exist. 

It follows that each M \ y is locally pseudoconvcx away from E, and since E 
is locally contained in a complex hypersurface, M \ Y is pseudoconvex [GR]. If 
the Levi problem is solvable on M, i.e. if pseudoconvex domains are Stein, each 
M \ F is Stein. Since Stein manifolds cannot have two ends, it follows that any two 
minimal sets must intersect. 



Remark 2.3. Oka solved the Levi problem in P*^. See [Ej for a proof of this and 
some generalizations. The condition on E in the above Proposition, can be relaxed 
to assuming that E is meager in the sense of [GR]. 

Example 2.4. Let La be the foliation in defined by wdz — azdw ~ 0, with 
a irrational. Then Yc = {\z\ = c|w|"} is minimal for every c, the closure is in 
P^. The associated positive closed current T is defined by tt*T = iddu,u{z,w,t) = 
log(max{|^;||f|"~-^, |t«|"}) if a > 1 and is directed by £«. 

DEFINITION 2.5. Let M be a complex manifold of dimension k. For < p,q < 

k, let T be a {p, q) current of order 0. We say that T is harmonic if iddT = 0. 

Observe that if T is harmonic then T, the conjugate, is also harmonic. A current 
is real if T = T, in which case p = q. 
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2.1. Decomposition of harmonic currents. We want to prove a representation 
theorem for real harmonic currents on compact Kahler manifolds. 

There is also a notion of □—harmonic forms in the d hterature [FK]. These are 
smooth (p, q) forms fl for which DO = (dd + d d)il = 0. These forms consist of 
the common nuh space of d and d* . Note that when p = g, □ = □ so the conjugate 
of a □—harmonic form is also □—harmonic. Since □— harmonic forms are d closed 
they are also harmonic in the sense of currents as defined above. Recall that on a 
compact Kahler manifold, for a closed current u of bidegree {p, q), the following are 
equivalent: 

i) u is exact, 

ii) u is d exact, 

iii) u is dd exact. 

See Demailly [De], p 41 for smooth forms. The proof is the same for currents 

since cohomology groups for currents and smooth forms arc the same. This follows 
from the deRham Theorem and the fact that for Kahler manifolds the Dolbeault 
cohomology groups (Bp+q=kH^''^{X,C) and Hj^j^ are isomorphic [De] p. 42. 

PROPOSITION 2.6. Let T be a harmonic {p, q) current on a compact Kahler 
manifold M of dimension k. Then 

T = n + dS + dR (2) 

where Q is a unique closed smooth O-harmonic form of bidegree {p,q), and S is a 
current of bidegree (p — 1, g), R is of bidegree (p, g — 1). When dT is of order 0, we 
can choose S, R depending linearly on T and 

L:T^{n,S, R) 

is continuous in the topology of currents. When T is real we can choose R = S. 

Proof: The current dT is d— closed, hence d— closed and is d exact. It follows 
from Lemma 8.6 in [De] that dT is dd exact so there is an So of order and of 
bidegree (p — l,q) such that 

dT = ddSo. 

Let J7 be a smooth □— harmonic representative of the Dolbeault cohomology 
class of T - dSo. (See [De] and [V].) 
Then T — dSo — Cl is d exact. Hence 

T = n + dSo+dR. 

The choices of 5*0 and R can be made linearly since there is an explicit inverse for 
dd and hence d, on currents cohomologous to zero. See Dinh-Sibony [DS] where an 
explicit kernel is given. If T is real we obtain that T can be expressed as claimed. 

The current T acts on H"-P'^-i^ the Dolbeault cohomology group, because of 
the dd lemma. Hence O is uniquely determined by T. 



PROPOSITION 2.7. IfT is as in (2), then S,R are not unique, but any other 
S', R' can be obtained as S' = S + u' + dv + du, similarly for R'. 



5 



Proof: The cohomology class fl is defined uniquely. If S', R' is another solution 
we get d{S — S') + d{R — R') = 0. Assume da + dcf' = 0. Then a is harmonic. 
Using the above construction for a harmonic (p — l,q) form, we get 

S - S' = a = ^^' + dv + du. 

Hence 

S = S' + {J + dv + du). 



COROLLARY 2.8. LetT he a harmonic current of degree on {M.lo). Let 

T = + dS + dR. he any decom,position as in (1). Then dS is uniquely determined 
by T. If p = I and T is real, then T is closed, if and only if dS — 0. 

Proof: If S', R' also satisfy T = Q + dS' + dR' then S' = S+u' + du for bidegree 
reasons. Consequently dS' = dS. Assume that T is a real (1, 1) current. If T is 
closed, then T = Ct + iddu, i.e. dS = 0. Conversely, if 95 = and T = Q. + dS + dS, 

< T,de >= - < dT, 9 >=< -ddS, 9 >= 0. 
Hence T is closed. 



2.2. Energy of harmonic currents. In this paragraph we introduce a notion 

of energy of harmonic currents of bidcgrco (1,1) on P''. On wc consider the 
standard Kahler form w normalized so that / w'^ = 1. Recall that H^''^ = except 
when p = q in which case H^'P is generated by ui^. 

We showed above that if T is a real harmonic (1, 1) current on P'', then it can 
be represented as 

T = aj + dS + dS 

with S of bidcgrcc (0, 1). We have c G R, c = JT A w'^"^. We define the energy 

E{T) = E{T, T) of T as 



E{T,T) = j 



dSAdSA uj^-'^ 



when dS € L^. Observe that dS is a (0,2) form. Hence < E{T,T) < oo. We 
have seen in Corollary 2.8 that the energy depends on T only. 

We define He to be the space of real harmonic (1, 1) currents on P*^ of finite 
energy. We consider on He the (real) inner product and semi norm 
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<Ti,r2 >e 



ITII = 



+ ^ I dSiA dS2 A uj^-"^ 



+ \ I dS2A dSi A uj^-'^ 



2 

j TAw^-^ + j dSAdSAw^-'^ 



LEMMA 2.9. Let T = clu + dS + dS, dS G L^, a (1, 1) real harmonic current of 
order in P*^. Then \\T\\e = if and only if T = iddu, for u G L^, u real. 

Proof: If ||T||e = 0, then 'BS = and c = 0. Then T is closed, hence T is 
exact and therefore T = iddu [De]. Regularity of the Laplace equation shows that 
u & L^. Conversely, suppose that T = iddu, u £ L^,u real, so we can set S = ^idu. 
Then dS = 0, hence JdS AdS = 0. Clearly also, JT A a; = so ||T||e = 0. 



LEMMA 2.10. There is a constant C = Ck so that if T is a real harmonic (1, 1) 
current of order onP'',k > 2, with finite energy, then there is an element T in the 
equivalence class ofT, i.e. ||T — T||e ~ 0, which can he written as T = cuj + dS + dS 
with S,dS,dS G L"^, \\S\\l^, \\dS\\L2, pS'||z,2 < C\\T\\e. Hence T = f + iddu and 
iddu is of order 0. 

Proof: We can write T ^ clu + dSi + dSi with 95*1 G L'^. Since 95*1 is in L^, 
we can find an 5 € Lq-^ for which dSi — dS. Moreover, dS G as well since, by 
Hodge theory we gain one derivative by solving the d problem dS — dSi . 

Since if(°'^^(P'^) = 0, there is a distribution v for which dv = Si — S. Therefore 
we have the decomposition 



cw + [d{S + dv)] + [d{S + dv)] 
ao + dS + 'dS + ddv + ddv 

T + idd''-'^^ 



The distribution u := is real. Since T, T have order 0, iddu is also of order 

0. _ 

Since ||99w||e = 0, it follows that T := av + dS + dS is in the equivalence class 

of T as desired. 

The L"^ estimates are classical [FK]. 



Let He denote the quotient space of equivalence classes [T] in He- 
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PROPOSITION 2.11. The space He is a real Hilbert space. Every element [T] 
in He can be represented as 

T = cuj + dS + dS 

where S is a (0, 1) form in L'^, with dS and dS in L^. Convergence in He implies 
weak convergence of currents: If [T„] ^ in He then there are representatives 
Tn € [T'n] such that Tn ^ Q in the weak topology of currents. In fact the mass 
norms ||T„|| — > 0. 

Proof: Wc show first that He is complete. Let {[r„]} be a Cauchy sequence of 
equivalence classes, lim„^„^oo ll^ri — ^m||e = 0- We can suppose HT^+i — T„||e < 
Inductively, we can (Lemma 2.10) choose representatives Tn so that 

Tn+l = Tn + Cni^ + 95„ + 95„, \Cn\, ||95„||i,2, ||S'„||£,2, ||95„||i2 < C—. 

Hence {[Tn]} converges in He. This shows that He is complete. The last state- 
ment is similar. 



We will next introduce a notion of wedge product of real harmonic currents. Let 
T, T' be representatives of equivalence classes as above. 



T = ao + dS + dS, T' = c'w + dS' + dS' . 
Then a formal calculation gives: 



j TAT'Aw'^-^ = cc' j '-^^ + j dSAdS'ALo''-^+ j dS AdS' Aw''-'^ 

= <T,io''-^ ><T',uj^-^ > - Ids AdW Au^-"^ 



I 



dS A dS' A uj^-'^ 



Notice that if T, T' have finite energy, the last expression is well-defined. We 
define in this case the quadratic form Q(T, T') for currents T, T' of finite energy: 

Q(T, T') =< T, w'^-i >< T', w*^-^ > - jdS AdS^ A w^''^ - j OS AdS' A 0;'="^ 
and motivated by the formal calculation, we define 

j T AT' Aw^-"^ :=Q(T,T') 

when T,T' are harmonic (1,1) current on P'^ with finite energy. Recalling the 
definition of energy, we get 



TATA uj^-'^ = Q{T, T) =< T, 0;*=-^ >2 -2E{T, T). 
Note that Q{T,T') is well defined on equivalence classes in He- 
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THEOREM 2.12. Any positive harmonic current T of bidegree (1,1) on P is 
of finite energy. Also JT AT A w'^"^ > for these currents. The quadratic form 

Q{T,T') is continuous on H^. 

Proof: Assume first that T is smooth, T = oj + dS + dS with c > and S 
smooth. We get after integration by parts: 

j TAT Aw' 



> 



dSAdSA w'^-^ 
dS AdS Alo''-'^ 



So 



'.JdSAdSA Lo''-'^ < I < T, w*^-! > 



In general, we can still write T = coj + dS + dS hy Proposition 2.6. Let be 
a regularization of S and define T^ = cw + dSe + dS^. Here we use the classical 
regularization for a current S, 

Se= Pe{9)9*Sdv{g), 

Ju(k+1) 

where u is the Haar measure on U{k + 1) acting as automorphisms of P'^ and pe is 
an approximation of unity in t/(fc + 1). 

Then T^ is still positive and harmonic. We get that 



2 j dS^A dS^ A Lo"-^ < I < T, 0;'=-^ > |^ (3) 

Since ^ S weakly, dS^ — > dS converges weakly in L^, because {83^}^ is 
bounded in L^. Hence dS G L"^ and 

j dS AdS Alo''-^ <\jm J dS.AdSeAuj''-^ < 1/2| <T,a;'=-i > f. 

Hence T has finite energy and / T A T A w'^"^ > 0. 

UT = cMj + dS + dS and T' = ccj + 95" + dS^ then Q(T, T') cc' / o)''^ - / 95 A 
Alo''-^ - JdS' AdS Aco''-^. It is clear that |Q(T,T')| < 2||r||e||T'||e. Hence Q 
is continuous on He. 



Remeirk 2.13. Since our regularization is a convolution, we also have dSe — > dS 
in and hence E{T^,T^) E{T,T). 

COROLLARY 2.14. On H^, the quadratic form 

g(Ti,T2) = j Ti ATaAw'^-^ 

is strictly negative definite on the hyperplane H = {T;jT A = 0}. Conse- 

quently, if T, T' are positive harmonic currents, non proportional, then jT AT' A 
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w'^ ^ > 0. // / T A w'^ ^ = 1 and T > t/ien T is non closed if and only if 
< jTATAw''-'^ < 1. 

Proof: If /T A w^^-^ = 0, then 



it is zero only HT = in Hg- Hence Q is strictly negative definite on H. Suppose the 
space generated by T', T is of dimension 2. There is an a > 0, / {T' — aT)Au)'^~^ = 0. 
Hence 



Since Q{T', T'), Q{T, T) > by Theorem 2.12, it follows that Q(T', T) > 0. 
The last part is an immediate consequence of Corollary 2.8. 



PROPOSITION 2.15. The function T Q{T,T) is upper semi continuous in 
the weak topology on positive harmonic currents and is strictly concave on {T Aw = 



Proof: If T„ T weakly, we have seen as above in the proof of Theorem 2.12 
that ^ dS A dS < lim j dSn A dSn, so Q is upper semi continuous. Concavity 
is clear because if /(T - T') A w = 0, Q{T - T' ,T - T') < 0, so 2Q{T,T') > 
Q{T, T) + Q(r', T'). Hence Q{^, ^) > ^Q{T, T) + \Q{T' , T'). 



PROPOSITION 2.16. In P'^,k > 2, positive harmonic currents T of hidegree 
(1,1) satisfying Q{T,T) = are extremal on He in the cone of positive harmonic 
currents. 

Proof: Assume that 0<T' <cT for some c> 0. 




> Q{T' - aT, T' - aT) 

= Q{T',T')+a''Q{T,T)-2aQ{T',T) 




,k-2 



= lim / T^ATAW 



,k-2 



< lim / cT^ATAw' 



,k-2 



= c TAT Aw' 



,k-2 



= 



Hence [T'] is proportional to [T] by Corollary 2.14. 
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PROPOSITION 2.17. The map T ^ dS is not continuous for the weak topology 
on positive harmonic currents T of bidegree (1,1) and L? topology on dS. 

Proof: Let T = uj + e{dS+dS) for a smooth (0, 1) form S supported in the unit 
bidisc. For e > small enough, T is positive and JTAT = J ui/\ui-2e'^ fdSAdS < 
1. If the map T ^ dS with weak topology on T and topology on dS were 
continuous then if T„ — > Tq, /T„ A T„ — > JTq ATq. Let / be an endomorphism 
of of algebraic degree d. Then /* : He — > is a linear map of norm d if the 
algebraic degree of / is d. Indeed 



i/r 



TAwl- 



\jTAfM^ 



T A( 



because f^w ~ dw. We also have 



j f*{dS AdS) 







= d^ 


j dSAdS 



This can be obtained by smoothing. 

Therefore E{f*T/d) = E{T) so / f*T/d A f*T/d = jT AT. 

Let f[z:w:t] = [z^ : vP' : i^] and T = w + e{dS + dS) as above. Then 

I > j T AT 

= I {f'YT/T A (/")*T/2" 



= j (r)*w/2" A (/")*a;/2" -2 j 5(/")*(S)/2" A a(/")*(5)/2". 

If we choose S = a{\z\,\w\)d'z it is easy to check that (/")*S'/2" weakly. 
Hence (/")*T/2" converges weakly to a closed current A = lim ^-^^^ " whose class 
m is w. If T — > 95 were continuous the second integral would converge to 

zero. Since / w A w = 1, we get that the map T — > 95 is not continuous. 



This is the justification for introducing the norm on finite energy currents, which 
gives a different topology than weak topology. 

L. Garnett has shown in [G] the existence of positive currents T, satisfying 
iddT = and directed by foliations. In [BS] a version of this result is given allowing 
leaves to intersect. Here we are interested in constructing laminar currents for a 
foliation with singularities that are only holomorphic motions in flow boxes, the 
holomorphic case in treated in [BS]. 

THEOREM 2.18. Let {X,C,E) be a directed set with singularities in P^. Then 
there is a laminated harmonic positive current T of the form T = J^ha [Aa]dfj,{a) in 
flow boxes. Here iJ.{a) is a measure on transversals, ha are strictly positive harmonic 
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functions, uniformly hounded above and below by strictly positive constants, ha are 
Borel measurable with respect to a. 

Proof: Let 7 be a continuous (0, 1) form such that 7 A [A] =0 for every plaque 
A. In [BS] Theorem 1.4 a current T > supported on X satisfying iddT = and 
rA7 = is constructed. It is shown that the current is laminar in flow boxes when 
the foliation is holomorphic. Wc consider here the general case. 

The Theorem follows from the next Lemma. 

LEMMA 2.19. A positive harmonic current, directed by a holomorphic motion in 

a polydisc is a laminar current. 

Proof of the Lemma: Let B be a flow box. In B,T = \\T\\ij A 7 where ||T|| 
is a positive measure. Assume 2: = is a transversal and tt is the projection along 
leaves in B, on that transversal. Let {vw) be the desintegration of ||r|| along n. If 
4> is a test form of bidegree (1,1) supported on B, 

<T,(f> >= J < Vwi'y A 7, > 

with /X = 7r*(||T||). This applies when (j) = iddf and when / has support on an 
arbitrary open set of plaques, we have: < T, iddf >= 0. Hence 

= J < v^i'y A 7, iddf > diJ,{w) 
= j <iy'{w)[D^],A^f > dn{w). 

where A^/ denotes the Laplacian along the leaf through w. This extends to test 
functions which are continuous and along leaves. Hence < v' {w)[Dyj], Ayjf >= 
/i a.e., so i''{w) is a harmonic function on the leaf [Dyj]. 



Remark 2.20. It follows from a Theorem by Skoda [Sk] that no positive harmonic 
(1, 1) current can have mass on a set of 2— dimensional Hausdorff measure A2 = 0. 

THEOREM 2.21. Let {X, C, E) he a laminated set with singularities in P^. There 
is a unique equivalence class of harmonic currents directed by L of mass one and 
minimal energy. 

Proof: Let Ci = {T; T > 0, / T A w = 1, T £ - directed, harmonic}. Then Ci is 
compact in the weak topology of currents. Prom Theorem 2.18 we know that C\ is 
nonempty. 

The energy is a lower semi continuous function on Ci by Proposition 2.15. Since 

Ci is compact it now follows that i?(T, T) takes on a minimum value c on Ci 

If E{T, T) = c and / T A w = 1, then Q(T, T) = 1 - 2c. If T, T' are two elements 
of non colinear equivalence classes of currents where the minimum c is reached, 
then Q C^I^^ , ) > 1 — 2c by strict concavity of Q (Proposition 2.15), a contra- 
diction. So the minimum is unique. 
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We next show that under mild extra hypotheses, minimal equivalence classes 
contain only one current. Recall that a current on a laminated compact X which 
in local flow boxes has the form / ha\yQ\dii{a) for a positive measure ii{a) on the 
space of plaques, and /la > 0, harmonic functions on plaques Va is said to be a 
laminated positive harmonic current. The current is closed and laminated if the ha 
are constant. 

THEOREM 2.22. Let {X,C,E) be a directed set with singularities. Suppose E 
is locally complete pluripolar with A2{E) = in P^. Assum,e there is no nonzero 
positive closed laminated current on X. Consider the convex compact set C of lam- 
inated positive harmonic (1, 1) currents of mass 1. Then there is a unique element 
T in C minimizing energy. The current T is extrem,al in C. 

Proof: Wc know that C is nonempty. Let T1.T2 G C be two minimizing cur- 
rents. We know by remark 2.20 that Tj has no mass on E. By Theorem 2.21, 
[Ti] = [T2] so Ti - Ta = iddu, hence Ti - T2 is closed. 

In a flow box we have Tj = J h'j[Va]dfij{a),j = 1,2. Let ^{a) = fii + fj.2, so 
A*j = '''ji.oe)^- Then 

Ti-T2 = J (/i?ri(a) - h^r2{a)) [Va]di^{a). 

Since d{Ti - T2) = it follows that 

hiri{a) — /i2?"2(Q!) = c(a) 

Wc decompose the measure c{a)i'{a) on the space of plaques, c{a)i'{a) = Ai — A2 
for positive mutually singular measures Xj. Then 

Ti-T2 = J [14]Ai(a) - J [VMa) =T+ -T- 

for positive closed currents 7=*=. These locally defined currents fit together to global 
positive closed currents on K\E. Observe that the mass of T"^ is bounded by the 
mass of Ti +T2. 

Since E is locally complete pluripolar the trivial extensions of T"^ are also closed. 
Consequently = and T\ =T2. The fact that T is extremal follows from the 
strict concavity of Q. 



COROLLARY 2.23. Let {X,C,E) be a laminated set with singularities in 

with A2{E) = 0. One of the following statements holds: 

i) There is a closed positive laminated current of mass 1 on X. 

a) There is a unique positive laminated harmonic current of mass one on X. 

Hi) There is a positive laminated harmonic current T of mass one on X such that 

JT AT > 0. In particular the current Tq minimizing energy satisfies J Tq ATq > 0. 

Proof: Assume i) and ii) fail. Then there arc two positive harmonic non 
closed currents Ti,T2 of mass one which are not colinear. We can assume that 
/ (Ti - T2) A w = 0. By Corollary 2.14, Q{Ti - T2,Ti - T2) < 0. If Q{Ti,Ti) or 
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Q{T2,T2) is strictly positive, we are done since JT AT = Q{T,T). If not, then 
Q{Ti,T2) = JT1AT2 > 0. But then if T := Q{T,T) > 0. 



3. Intersections of laminar currents 

3.1. laminations. Here we assume that X c is a laminated compact cov- 
ered by finitely many flow boxes Bi. We suppose that X locally extends to a 
lamination of an open neighborhood. We can assume that p := [0 : : 1] G Bi C X 
and that the leaf L through p has the form w = 0{z^). So we will assume that 
the lamination of X is of the form w = Wq + fwo{z), /u)o(O) = Oj where the map 
'^{z,'Wo) = {ZjWo + fwoi^)) is a diffeomorphism in a neighborhood of p. 

Let ^e{[z : w : t]) = [z,w + ez : t] denote a family of automorphisms of P-^. Notice 
that each of these automorphisms fixes the w axis. 

For two graphs ^1,^2 given hy w = gi{z),w — 52(2), z € S', we define the 
vertical distances over S between the two as d^°'^{Li, L2) = snp^^g \fi{z) — f2{z)\ 
and rfg'^"(ii,L2) = inf.es - Mz)\. 

THEOREM 3.1. There exists an integer N independent of e so that in any of the 
flow boxes Bi local leaves Li and $(:(L2) can at most intersect in N points, counted 
with multiplicity. Moreover there exist neighborhoods of Id in U{3) so that the 
sam,e conclusion holds for 5'i(Li) and ^'2(5^c(-^2)); ^1,^2 G U^. 

Proof: Fix a 5 > 0. Let denote the leaf through [0 : w : 1] and let denote 
its image under Say is given by w = + fwaiz) and is given by 
w = wo + fwo{z) + ez. Note that the vertical distance rf™^-'^ between L^^ and 
is \e\5 at the boundary S of the disc \z\ < S. Because the lamination is of class C^, 
there exists a constant C > 1 so that if (0, wq), (0,^1) G Bi, then 



sup |w;o + fwo{z) -wi- fwi{z)\ < C inf \wo + fwoiz) - wi - fwi{z)\ 

\z\<5 kl<'5 

If Li and $£(^2) intersect in a flow box Bi, then Li and L2 must be at most 
a|e| apart in Bi for some fixed a. Let c > be any small constant. If Li, ^^{£2) 
intersect in N points in Bi and N is sufficiently large then Li and $6(^2) can be 
at most a distance c|e| apart from each other in Bi. Note that the same conclusion 
holds if the number of intersections is counted for 'i'i{Li) and '^2{^e{L2)) for a 
small enough Ue- However, there is a path of at most a fixed length along these 
leaves ending in the flow box containing [0:0:1]. It follows that continuing these 
leaves to this neighborhood, they will have to stay at most 6c|e| apart, for a fixed 
constant b. Choosing c small enough, we get be < Let Li = {w = wi + fw^ (z)}, 
L2 = {w = W2 + fw2{^)}- Then \w2 + f w^{z) + ^z - wy - f wAz)\ < when \z\ < 5. 
Hence 
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< Cd'^^{L,,L2) 



< 



\e\5 
2 ■ 



Applying this estimate when |^| = ^, we get 



\el \e\S 
2 2C 



> \W2 + fw2{z) + ez - Wi ~ fnii{z)\ 

> \e\5 - \w2 + fvj2{z) - wi - fyj^{z) 

>- H^-? 

\e\S 
2 ' 



a contradiction. 



3.2. Laminations by holomorphic motions. Now wc consider the case of lam- 
inations which arc not C^. We recall the following result by Bers-Royden [BR]. 

PROPOSITION 3.2. We are given a lamination of a neighborhood of the unit 
polydisc in C^. Assume that the leaves are of the following form: 

Lt,te C, |t| <C,w = Ft{z),Ft{Q) = t, Foiz) = 0. 
The map ^{z){t) = Ft(z) is a holomorphic motion and we have the estimate: 

l\t-s\^ < \Ft{z)-F4z)\<K\t-s\^. 

THEOREM 3.3. Let X C 6e a compact subset laminated by Riemann surfaces. 
Then there exists a holomorphic family <i>e : ^ for e G C, $o = Id with the 
following properties. There are finitely many flow boxes {i?i}i=i,...,€ covering X 
and an eo > and a constant A such that if L, L' are any local leaves in any flow 
box Bi then: 

If < |e| < Co, the number of intersection points counted with multiplicity of 
L,<b^{L') is at most ^log jij. Moreover there exist neighborhoods of Id in U{3) 
so that the same conclusion holds for ^'i(Li) and ^2{^e{L2)), with ^i, ^2 € Ue- 

Proof: We first choose a finite cover by flow boxes, Bi. We can do this 
so that for each flow box there is a linear change of coordinates in P^ so that 
[z : w : t] = [0 : : 1] G Bi (1 K . Moreover, we can arrange that if L is any local 
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leaf intersecting A(0, 2) then L n A(0, 2) is contained in a local leaf L of the form 
{w = /q,(z), |z| < 3}, (0,0;) e L, and ||/a||oo < 3. Moreover we can assume that 
each 11/^11 < .1 and that /o(0) = 0. Redefining the flow boxes, we can let Bi denote 
the union of those graphs over \z\ < 3 intersecting A(0, 2). We can assume that the 
smaller flow boxes consisting of those graphs over 1^1 < 1 for which the graph is 
in A^(0, 1) already cover K. 

Next we fix the coordinates z,w,t on used for the first flow box Bi. Define 
the family $e by 

<i>c[z : w : t] = [z : w + ez : t\. 

LEMMA 3.4. There exists a 6 > and C > so that if w = fa{z),w = fi3{z) 
are two local leaves in Bi, then 

< \.Uz) - .fp{z)\ < C\a - V z, \z\ < S. 

Proof: This is a special case of the Bers-Royden result. 



LEMMA 3.5. Let cq > be small enough. Then if Li,L2 are leaves in the first 
flow box then d™^^^^g-^{^e{Li), L2) > \e\^ for all \e\ < eo- 

Proof: Let Li be given hy w = fi{z),fi{0) = wt. Then is the graph 

= fi{z) + ez. Suppose that 1/1(2:) + ez — f2(z)\ < |ep for all \z\ < S. Then, we get 
that — W2I < Hence, by the previous Lemma, we have that \fi{z) — f2{z)\ < 
C|e|2 for all \z\ < S. Hence if \z\ = 6, 

\f2iz) + ez-f,{z)\ 
\e\5-\f2{z)-f,{z)\ 
\e\6-C\e\l 

lef >5-C^/\^\>5-Cy/^ 
S, 



\e\' > 
> 

> 

> 



el > 



en + C'x/eo > 



a contradiction if cq is small enough. 

■ 

The following lemma is well known. 

LEMMA 3.6. a) There is a constant < c < 1 so that the following holds: Let g 
be a holomorphic function on the unit disc with \g\ < 1 and suppose that g has N 

zeroes in A(0, 1/2). Then \g\ < on A(0, 1/2). 

b) Let g denote a holomorphic function on the unit disc and suppose that \g\ < 1 
and that \g\ < r] < 1 on A(0, 1/4). Then \g\ < y/rj on A(0, 1/2). 
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Proof: To prove a) set 



1^; — q;| 

g«P|a|<l/2,|^|<l/2 |-, _ _| < 1- 



|1 — za\ 

To prove b) observe that logl^l < logjj when \z\ < j. Hence by subharmonicity 
log\g\ < max{log?7ji^^|^,log?7}. 
This imphes that if \z\ = 1/2, then log [^l < 



Continuation of the Proof of Theorem 3.4: Pick p > 0. Let p G X. Since 
every leaf is dense, there is a (nonunique) continuous curve 7p(t),0 < t < 1 from 

7(0) = p to a point 7p(l) = (0, Wp) G B[ which is contained in the leaf through p. 
By continuity, for every q G K close enough to p, the curve 7^ can be chosen so 
that dist(7g(i),7p(i)) < p for all < t < 1. 

A chain of flow boxes is a finite collection C = {A(j)}^=i- Let p £ X. We 
say that the leaf through p follows the chain {-Bi(j)}*'^i if there are local leaves 
Lj c -BiO), 4 := Lj n B'.^-yp G Li, Lj n 4+i 7^ V j < A;, i{k) = 1. 

By compactness there arc finitely many chains of flow boxes Ci, . . . , Cg such that 
for each p £ X, there is an open neighborhood U{p) and a chain Cr so that the leaf 
through q follows Cr for any q G U{p) (1 X. 

We will apply Lemma 3.6 repeatedly along a chain. We need to apply Lemma 
3.6 at most a flxed number of times m depending on the length of each chain. Note 
that every time we switch flow box there is a change of coordinates which distorts 

distances by at most a factor C > 1. 

LEMMA 3.7. Let e be sufficiently small and suppose that N = A^(e) is an integer 
such that C'^c^ < \e\^. Then no local leaves of the laminations Li,$e(Lo) can 
intersect more than N times in any flow box. 

Proof: Suppose that local components of Li and 4>e(io) intersect in more than 
points in some local flow box B'^. Then these local graphs differ by at most 
c . Using Lemma 3.6 they differ by at most c"2" in a suitable larger flow box. 
Changing to the coordinates of another flow box might increase the difference to 
CcT. Applying Lemma 3.6 the difference increases to at most C^c~ and after an- 

3 N 

other change of flow box to C^ct. Following the leaves along a chain of flow boxes 
we see inductively that the distance between continuations of the leaves grows at 
most like C C2^ after k steps. Hence once we are in the first fiow box, the leaves 
differ by at most |e|'^. By the above lemmas, this is impossible for any pair of leaves. 



There is a constant A so that for all small enough e local leaves Li, $e(Lo) have 
at most := j41og-|i| intersection points. The contraction is stable under small 
perturbations by \I'2 close to the identity. 
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4. Construction from discs. Ahlfors type construction. 

In this paragraph we consider a laminated set {X,£,E) in a compact complex 
manifold M. 

Wc want to construct harmonic currents using the Ahlfors exhaustion technique. 

4.1. When leaves are not uniformly Kobaycishi hyperbolic. We consider 
only the case when X is not a compact Riemann surface, possibly singular. Consider 
the universal covering for each leaf. We can assume that the covering is C or the 
unit disc A. Let (/> : A ^ L be a covering map. If |^5i'(0)| is not uniformly bounded, 
then using the Brody technique, one can construct an image of C. The part of the 
image not in E is locally contained in a leaf of X. 

The Ahlfors exhaustion technique furnishes a positive closed current of mass 1 
directed by the lamination. So we get the following proposition: 

PROPOSITION 4.1. Let {X, £, E) be a laminated set with singularities. If there 
is no positive closed current on X, laminated on X\E, then there is a constant C 
such that \ct)'{i))\ < C. 

When the |^'(0)| are uniformly bounded, we say that the leaves are uniformly 
hyperbolic. 

4.2. The case with no positive closed current directed by {X,£,E). Let X 
be a minimal laminated compact set in P^. Suppose that X does not contain any 

non constant holomorphic image of C. Let Bi be a covering oi K\E hy flow boxes 
which in local coordinates are of the form Wi = fa{zi),\zi\ < 1 [but the graphs 
extend uniformly to \zi\ < 2]. Let $ : A — > L denote the universal covering of 
an arbitrary leaf. We say that x € A is a center point if = {0,Wi) in some 
Bi. We can normalize $ for any center point, say : A ^ L, ^x{0) — ^(x). [i.e. 
we move a; to with an automorphism of the unit disc] Let Wi — fx{zi) denote 
the associated graph in the flow box. Denote by Ux ■= ^x^iii^ii fx{zi))',\zi\ < 
1}). If $ is a multisheeted covering, we let denote the connected component 
containing 0. Then JT,; c A is a relatively compact open subset of A containing 
0. Let < rx < Rx < ^ denote the largest, respectively smallest radii such that 
A(0,r,) cUxC A(0,i?,). 

LEMMA 4.2. Rx < 1/2. 

Proof: Since <l>~^ maps A(0, 2) into A(0, 1) and sends to this follows from 
the Schwarz' Lemma. 



LEMMA 4.3. Fix a finite number of flow boxes Bif] E = ^,i = I, . . . ,1. Then 

\-ai{rx:,x is a center point, 4>{x) G uf^^Bi} > 0. In fact the same holds if we inf 
over all leaves and, all covers of the leaves by discs. 

Proof: Fix an x and a covering $ : A ^ L of the leaf through x. Note that 
$-i(A(0, 1)) D A(0,r3,) hence by the Koebe 1/4 Theorem, [$^^]'(0) = a, \a\ < Ar^. 
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Hence $^(0) = ^, |^| > If — * then using the Brody technique we con- 
struct an image of C contained in X. 



Next we prove a density Theorem for the above minimal laminations with only 

Kobayashi hyperbolic leaves: 

THEOREM 4.4. Assume E = it). Fix a finite cover of X by flow boxes Bi. 
There are constants R, N so that if ^ : A ^ X is a covering of any leaf, then 
^{Akob{x, R) n Bi) intersects at most N of the graphs in {\zi\ < |} and contains 
at least one complete graph over \zi\ < 1. 

Proof: Let rj G UBj and the leaf through rj. There exist finitely many curves 
"fi C L^,'y^{0) = ?7, 7j^(l) e Bi. In fact, for every ( G U{r]) fl X there are curves 

C depending continuously on C and landing in Bi for a small enough neighbor- 
hood U (rj) . There exists a finite number so that if ( € U (77) (iX.t £ , 

then 'Yi{t) S Ai^^j where Ai^^j is one of the unit discs in one of our chosen local flow 
boxes. It follows that if $ : A ^ L is any covering of any leaf and $(a;o) G U{ri), 
then ^{Akob{xo, Rrj)) contains a disc in each flow box if i?^ is large enough. By 
compactness of X, there is an i? = max i?^ > so that if $ : A ^ X is a covering 
of any leaf and x G A, then ^{Akob{x, R)) contains at least one complete graph in 
each flow box. There is by Lcmnia 4.2 an R' > R so that if C G ^{Akob{x, R)) n Bi 
(or a slight extension), then the whole graph in Bi is contained in ^{Akob{x, R')). It 
follows from Lemma 4.3 that there is an N so that no ^{A/^obix, R)) can intersect 
any flow box in more than A'' graphs. 



COROLLARY 4.5. Let R be sufficiently large. Then if D is any maximal disc 
of center p contained in an annulus 1 — 1/R'' < |a;| < 1 — \/R^^^, and assume 
e ^Bj, then the image ^{D) always will contain a full disc in each Bi and 
will intersect at most N graphs in any Bi . 

Proof: This follows since the Poincare radius of these discs increase to inflnity 
independently of A; as i? — > 00. 



COROLLARY 4.6. For large R the area o/$({l - 1/R'' < \x\ < 1 - 

grows like R as k ao. Moreover the length o/$({|a;| = 1 - 1/R''+^}) is on the 

order of R^, and |^''(a;)| ~ near d A, so 

[ (1- |x|)|$'(x)|2dA(x) =00 

J A 

Proof: The map $ is an isomctry for the Kobayashi distance. The Kobayashi 
distance on leaves is comparable to any given Hermitian metric. The map $ ex- 
pands a disc of radius e centered at 1 — 2e to a disc of radius about 1 in the Kobayashi 
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metric. Hence |$'(x)| ~ rrf^- 



THEOREM 4.7. Let (j) : A ^ M be a holomorphic map where M is a compact 
complex Hermitian manifold. If 

[ (1 - |a;|)|^'(a;)|^rfA(a;) = oo, 



then there is a positive harmonic current T, supported on 4>{A). //</)( A) is contained 
in a leaf of a lamination jC, then the current T is directed by the lamination. 

Proof: Assume that ^{0) = p. Define 

Gr{x) := ^log+ := (^)* (G,[A]), r < 1. 

If 6* is a (1, 1) test form on M 

<Tr,0>=^ [ iog+^r{o). 

27r fI 

So Tj, is positive of bidimcnsion (1,1). The mass of is comparable to 
/Al°gRl'^'(^)l^ ~ I{\x\<r}i^ " kl)l<^'(^)l^ =• Mr)- A direct computation gives 

iddTr = 4>*{i^r) — Sp, 

where Sp is the Dirac mass at p and I'r is the Lebesgue measure on the circle of 
radius r. Let T be a cluster point of := -j^- Since ^(r) — > oo we have iddT = 0. 

If 4>{A) is a leaf of a lamination C, there is a (1, 0) form 7 such that [4>{A)]A^ = 0. 
Hence T^. A 7 = 0. Hence < T, idbdbf >= and we have a decomposition of T as 
in Theorem 2.18. 



Remark 4.8. // we assume that lim,-^i(l — r) = 00, it follows from a 

result of Ahlfors that lim^^;^ Are^^iA)) ^ ^' ^ represents length. Hence one can 
choose the current T to be closed. 

In the usual Ahlfors procedure to construct a closed current starting from an image 

of C one has to first extract good subsequences from ^"^^"1 — - when R — > 00. 

.V ■i ./ Area<i^,[AR] 

Then cluster points of these give closed currents. In our case, there is no need to 

first take a subsequence. 

THEOREM 4.9. There is no nonvanishing holomorphic vector field along leaves 
on a laminated compact with only hyperbolic leaves. 

Proof: If wc pull back the vector field to a disc covering a leaf, we get a holo- 
morphic function on the unit disc going uniformly to infinity at the boundary, since 
as we have seen |0'(a;)| ^ yzq^ and the vector field is bounded in flow boxes. 
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PROPOSITION 4.10. // a positive harmonic current gives mass to a leaf, then 
this leaf is a compact Riemann surface. 

LEMMA 4.11. Let T be a laminated harmonic current. Let </> denote the covering 
map L. If H denotes the analytic continuation ofhocj) in a flow box, then we 
have the estimate: 

c{\-\x\)<H<C—\- 
(1- 

Proof: The estimate follows from Harnack's inequality and the Hopf Lemma. 



Proof of the Proposition: We assume first that the leaf is hyperbolic. Let 
(l),H be as in the Lemma. Suppose at first that H is unbounded. Then we can 
choose a sequence p„ — » 9 A and H{pn) — > oo such that H is uniformly large on 
A{pn,R) by Harnack, where R is as in Theorem 4.4. Hence T will have infinite 
mass on a flow box. If H is bounded and nonconstant, we can choose 0„ so that 
limr^iHire^^'') are different. We can again choose p„ dA so that 0(A(p„,i?)) 
are disjoint and again T will have infinite mass on a flow box. If H is constant, 
we get a positive closed current and the leaf has an analytic closure. The same 
argument applies to the case when the leaf is not hyperbolic. 



5. Vanishing of / T a T. 

DEFINITION 5.1. The harmonic laminated current has finite transverse energy 
if in some local flow box J log \a — (i\dfjb{a)dn{(3) < oo. 

Having finite transverse energy is well defined and independent of the choice of 
flow box. 

Recafl that <^^{[z : w: t]) = [z : w + ez : f]. If T is a current, let T, := (T). 

THEOREM 5.2. // a harmonic current for a laminated compact in has finite 
transverse energy, then the geometric intersection TaT^ — > 0. The same conclusion 
holds for — laminations without the hypothesis of finite transverse energy. In both 

cases we have J T AT = 0. 

Proof: We calculate the geometric wedge product T AT'^ in a flow box. Set 
T = J ha[Aa]dii{a),T'^ = J /i^[A^]d/u(/3). Let be a test function supported in a 
flow box. To avoid confusion, we index with g when wedge products are geometric 
during the proof. We have 

<T AT\^>g^ j J2 <^K{pWp{p)dn{a)dn{l3) 

where Jajj consists of the intersection points of Aq, and A^j. Assume at first that 
/X has finite transverse energy. Using the estimate on the size of Ja,(3 in Theorem 
3.3, we get: 
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\{TAT')g{cP)\ < C.UIU [ A\og^dn{a)dn{0) 

Jdist(A„,A^)<Ce 



< C^UWoof^ log— 

7dlSt(A„,A^)<C€ dlSt[Aa,A/3) 

as e — > 



In the case the number of intersection points is bounded by N independent 
of e (Theorem 3.1). Hence 

|(rAT^),(<^)| < C||0||oo / Ndii{a)di,{P) 

Jdist(Aa,Ag)<Ce 

^ 



since n has no pointmasses by Proposition 4.10. Next we show that Q{T,T) = 
J TAT = 0. It suffices to show by Theorem 2.12 that Q{T, T,) ^ or even that for 
smoothings T*, that Q{T^, ) — > when 6, S' are sufficiently small compared 
to e and S, S' , e ^ 0. 

Note that the estimate on the geometric wedge product is stable under small 
translations of T, T^. This is what allows us to smooth. 

Lcit (p be a test function supported in some local flow box. As above, the value 
of the geometric wedge product on (j) is: 

<TAT',<p>g^j (l)hc{p)h^p)dfi{a)dfx{(3) 



We can write this as 



<TAT%cl>>g= J j^^ [<PKh%]{p)idd\og \w - Uz)\^ d,i{a)d,i{l3) 

The same applies when we do this for slight translations within small neighbor- 
hoods U{e) of the identity in U{3) and their smooth averages T*, 

<T^A Te, (/) >g= J (^J^^ j dM(/3) =< Te, > . 

Averaging also over small translations of we get 

<T^ A rf, >g==< Tf,(f>T^ > . 

We still have that < Tf,(j)T'^ >^ when S,S' « e,€ ^ 0. If we apply this to 
(l)=l,we get < Tf,T^ >= Q{Tf ,T^) 0. Hence Q{T,T) = 0. 
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COROLLARY 5.3. // a laminated compact set in carries a positive closed 
laminar current T, then T has infinite transverse energy. 

Proof: If T 7^ has finite energy, then = J T AT = \ J T Aw\'^ - E{T, T) but 
E{T, T) = since T is closed. Hence T = 0, a contradiction. 



J. Duval has independently obtained this Corollary. Hurder and Mitsumatsu 
proved that there is no lamination in P^ which carries a positive closed current 

[HM]. 

COROLLARY 5.4. If[X,C) is aC^ lamination onP^ with only hyperbolic leaves, 
then 

(iog+ m) 

T= lim <^,^ ^ L 

uniformly with respect to (j). 

Proof: We know from [HM] that there is no positive closed current directed 
by £. It follows from Corollary 2.23 and Theorem 5.2 that there is a unique har- 
monique current of mass 1 on (X, £). Hence the result follows. 



6. Examples of harmonic current 

In this section we investigate harmonic currents on P^ of the form T = idu A du. 
Our main result is that if m S C^(P'^) and iddT = 0, then u is constant, hence 
T = 0. We also compute the energy of some positive harmonic currents. 

Let M be a complex manifold of dimension m. For 1 < fc < m, we define 
V^\m) as the cone of upper semicontinuous real functions v on M such that for 
every p G M, there is an open neighborhood U oi p and {vn} C C^(C/) such that 
Vn \ V in U and {—!)'' (iddvn)'' < e„a;'^,e„ \ 0. We say that U is associated to 
V. Here w denotes a strictly positive hermitian form. Notice that this condition 
implies that when = 0, not all eigenvalues of iddvn can be strictly negative. We 
define V^^'^ := -V^_^\m) and 'P^'') V^^^ DV^J'K In particular, p1^^ consists of the 
plurisubharmonic functions and P*-^-* are the pluriharmonic functions. In dimension 
2, a smooth function v belongs to P^^ if and only if its Levi form has at most one 

eigenvalue of each sign. These functions then, also belong to P^'' and hence P(^) . 
Pseudoconvex domains are usually characterized by plurisubharmonic functions, 
i.e. P!iK We show here that p!^^ works as well, and that there are similar results 
for P[^\k> 2. 

Let ^ : M N he a holomorphic map between complex manifolds. If v € 
-p(fe) ^ then w o $ g p'^^ (M) . In particular, if fc > dim A'', any upper semicontin- 
uous V is in p'^^\n), hence t; o $ e P^\m). 

We give some examples of compact complex manifolds for which P'^^-' (M) ^ R : 
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1. Tori: Let T be a torus. Then T = C'" mod a lattice generated by {vijf^-^^. 
Let TT : C'^ ^ R, nlJ^XiVi) = Xi. Let v = (t>{xi) where ^ is a smooth function 
supported in ]0, 1[. Then {iddvf = 0. 

2. Hopf manifolds. Let M = C^/ < (j) > where < (j) > denotes the group 

generated by (f){zi,Z2) = (aizi, 02-22) with ai,a2 fixed, < |q!i| < \a2\ < 1. Fix r 
such that |ai| = \a2y ■ Define 

V[Zl,Z2) = -. To-— j 7Z 

The function v is well defined on M and (iddv)'^ = 0. 

3. For any surface admitting a projection on a Riemann surface P^^^ (M) ^ R, 
for example ruled surfaces. Actually the Hopf surfaces above admit such a projec- 
tion C^icP) ^ P\ {zi,Z2) ^ [zl : 4] if al = 



For > 1, set z = {zi, . . . , ^ft-i), = maxjlzij, . . . , |2;ft_i|} and let HJ^_-^ denote 
the Hartogs figure: 



Hl_-^ :={iz,w) € C'^-i X C = C^|z| < 1 + r, |w| < 1} \ {r < \w\ < l,\z\ < 1}. 

Let Hj:_^ := {{z, w) e C''; \z\ < 1 + r, \w\ < 1}. 

DEFINITION 6.1. Let2<k<m. We say that an open set N c M is 
{k — l)—pseudoconvex if whenever ^ :U ^ M is a biholomorphic map of a neigh- 
borhood U D onto its image and C N, then C N. 

Remeirk 6.2. In the case k = 2, the definition is equivalent to N being pseudocon- 

vex. 

PROPOSITION 6.3. Let M be a complex manifold of dimension m > 2. Let 
N be a connected open set in M. Assume v e P!1{M),2 < k < m and v < 
on N, v\gN = 0,v < on M. Let U = {Ua} be a cover of M associated to v. If 
<^{Hl^i) C and ^{Hl_^) c N, then ^{Hl_{) C N. In particular if k = 2 then 

N is pseudoconvex in M . 

Proof: Assume that \ iV ^ 0. Then also, n SiV 7^ 0. There 

is a biholomorphic map ^ : U ^ M onto its imago, HJl_i C U, C N. We 

can then assume that M = = Id, HJ1_^ C N and that there is an interior 

point of H'll_i in dN. Assume that w„ \ v, w„ e C^(C/), (—1)'^ (iddvn)'' < e„tj'^. We 
also assume that dN contains a point (zq, wq), l^ol, [wol < 1. Then u < on HJ._-^ 
and v{zo,wo) = 0. This is where we use that v\qn = 0. We would like to get a 
contradiction. 

Let X := {\z\ < l,r < |w| < 1}. Define the function u by 

fe-i 

u{z,w) :=rj{l-J2\^,\')-A2+S 

3=1 I I 

where 77<<e<(5<<l. We will choose the constants so that v < u on dX and 
u{zq, wq) < 0. First observe that if 5 is small enough, then automatically t; < « on 
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all of dX except possibly where |w| = 1 and \z\ < 1. Fix any such 6. Let e < 6 he 
chosen big enough that — | ^^p +S < 0. Since e < ^ and v <Oon\w\ = 1 and |2:| < 1, 
V < u on all of dX if we choose rj = 0. To finish the choice of constants, 77, e, 5 
choose T] > small enough that v < u still on dX and in, addition u{zo,wo) < 0. 
Then idd{—u) > aw on X for some constant a > 0. 

Next choose n large enough so that < u on dX. We have Vn{zo,WQ) > 
v{z(i,WQ) = > u{zq,wq). Then if we add a strictly positive constant c„ to u we 
can assume that 

Vn < u + c„ on 9X 

f „ < M + c„ on X 

Vn{z^,wl) = u{z^,W^) + Cn,{z^M)&X 



This implies that iddvn{zi ,'Wi) < iddu{zi,Wi). Hence idd{—Vn){zi,Wi) > au). 
This implies that 

= iidd{-vn))''{z^,w^) 

a contradiction. 



COROLLARY 6.4. If M is a compact manifold and v S P^^\M), then K{v) := 
{p;v{p) = maxMi"} is pseudoconcave, i.e. M\K{v) is pseudoconvex. If v G 
p('=)(M) n C^, then M \ K{v) isk-l pseudoconvex. 

Remark 6.5. Let v he aC"^ function on a compact complex m,a,nifold of dimension 
m. Stokes' Theorem implies that if {—1)^ {iddv)^ < 0, then (dd'^vY = 0. In the case 
of compact Kdhler manifolds, Stokes' Theorem applied to {—l)^{iddv)'' A 
shows that the same conclusion holds. 

Remark 6.6. The proof above shows that if an upper semicontinuous function v 
is locally a decreasing limit of functions Vn such that at each point iddvn has 
m—1 nonnegative eigenvalues, then K{v) is pseudoconcave. Namely, we get by the 
above construction with a Hartogs figure of dimension two: 

Vn < u + c on dX, 

Vn < u + c on X 

Vn{zi,wi) = u{zi,wi) + c at some point of X. Hence 

idd{vn — u){zi,wi) < 



which contradicts that one eigenvalue is nonnegative. 
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COROLLARY 6.7. Let v he a continuous function on P™ such that v € V_ , 
then V is constant. In particular there are no nonconstant functions in such 
that T = idv A dv satisfies id&T = 0. 

Proof: We know that K{v) is pseudoconcave. We show next that also K{—v) is 
pseudoconcave. It suffices to show that — f is also a decreasing limit of functions 
Wn, {iddwnY ^ En'^^- For this, let u„ be such a sequence for v. Taking a subse- 
quence if necessary wc can assume that v < w„ < v + 1/2". Set w„ = — w„ + 1/n. 
Since on P™ the Levi problem has a positive solution, this implies that the com- 
plements of K{v) and K{—v) are both Stein. But then the intersection of the two 
domains is a Stein manifold of dimension > 1 with two ends, unless K{v) and 
K{—v) have a nonempty intersection. But then v must be constant. 



COROLLARY 6.8. If the Levi problem is solvable on a compact complex manifold 
M, then P^^^ only contains constant functions. Hence there is no nonconstant 
holomorphic map from M to a manifold with nontrivial P^^\M). 

Recall [BS] that given a positive closed current S on M. an upper semicontinuous 
function (j) defined on Supp(S') is 5-plurisubharmonic if for every p G Supp(S') there 
is an open set U, p ^ U and a sequence </)„ G C'^(U), such that (j) — lim\^ (pn on 
U n S and iddcpn A S > 0. A function (p is S— pluriharmonic if both (p and —(j) are 
5— plurisubharmonic. 

THEOREM 6.9. Let S be a positive closed current of bidegree (1, 1) in P^. Assume 
(j) is S—plurisubharmonic and let K{<p) = {p G Supp{S);<p{p) = max^}. Then 
P^ \ K{(l)) is pseudoconvex. If (j) is S— pluriharmonic, then (j) is constant. 

Proof: Recall that for 5— plurisubharmonic functions, the local maximum prin- 
ciple is valid [BS], Prop. 3.1. We claim that V'^\K{(t>) is pseudoconvex. We modify 
the proof of Proposition 6.3. Assume that P^ \ K{(f)) is not pseudoconvex. We can 
assume in local coordinates that K{4i) contains a point (2:0, wo), l^ol, |wo| < 1 and 
that K{(t)) does not intersect the Hartogs figure H = {(z, w); |w| < r < 1, \z\ < 
1 + (5, } U {(2, w); I < \z\ < 1 + 5, \w\ < 1}. We can also assume that on a fixed 
neighborhood of H = {{z,w);\z\ < l+S,\w\ < 1} there is a sequence of functions 
•^n \ on Supp(5), iddcpn A S >0. We can assume = on K{^). Then ^ < 
on i7 n Supp(5) and (j){zQ, wq) — 0. 

Let X := {\z\ < l,r < jwl < 1}. Define the function u by 

u{z, w) := 77(1 - \z\^) - -I- 6 

where 77<<e<(5<<l. We will choose the constants so that (p < u on dX D 
Supp(S'). First observe that if d is small enough, then automatically (i < u on all 
of dX n Supp(S') except possibly where \w\ = 1 and \z\ < 1. Fix any such d. Let 
e < S he chosen big enough that — i^j^jT + ^ < 0. Since e < S and < on |w| = 1 
and \z\ < 1, {z,w) G Supp(S'), (f> < u on all of dX n Supp(5) if we choose 77 = 0. 
To finish the choice of constants, r], e, 6 choose r] > small enough that (j) < u still 
on dX n Supp(S') and in, addition u{zq,wq) < 0. 
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Next choose n large enough so that (pn < u on dX fl Supp(S'). Then if we add a 
strictly positive constant c to m we can assume that 

(f)n < u + c on dX n Supp(S') 
(j^n < u + conX r\ Supp(S') 

(l>n{.Zi,Wi) = u{Zi,Wi) + C,{zi,Wi) & X r[S\xp^{S) 



Now, — ?i is phirisubharnionic, so idd{—u)AS > 0. Hence 4>n—u is S'— phirisubharmonic 
so this contradicts the local maximum modulus principle for S— plurisubharmonic 
functions. 

If <j) is S— pluriharmonic, then K{(p) and K{—(j)) intersect, hence (p is constant. 



PROPOSITION 6.10. Ifv& V^_'{M) then v satisfies the local maximum prin- 
ciple. 

Proof: Recall that the local maximum principle says that for every ball max^ v < 
maxas v. This follows, since the Hartogs figure argument is local. In fact, let K 
denote the compact set at which the maximum is reached. Let p S dK and use a 
Hartogs figure there. 



There are positive closed currents T on of the form T — iduAdu, u continuous 
except at one point and such that J T A T ^ 0, for example: u = log"*" \z\ in if 
[z : w : t] are the homogeneous coordinates in P^. 



PROPOSITION 6.11. Consider C = {T > 0,iddT = 0,/T A w = 1}. Then 

MTecjTATKl-^. 

Proof: Let be C°° real valued functions with support in the unit 

interval. Define -0(2, w) := u[\z\'^) +iv{\w\'^). Let T := idi^Adi^on C^. Then T > 
and T AT = 0. Moreover, T is pluriharmonic on C^. 

We want to decompose T as in Proposition 2.6. 

idip A dtp = i{u''zdz + iv'wdw) A (u' zdz — iv'wdw) 
= i{u')'^zzdz Adz + i{v')^wwdw A dw 
+ u'v' zwdz Adw + u'v'zwdz A dw 
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Let 




Then 



id'(p A dtp 



iddU (z) + iddV{'w) + d{uv'wdw) — uv"'wwdw A dw 
uv'dw Adw + d{uv'wdw) — uv"wWdw A dw — uv'dw A dw 



Hence: 



LEMMA 6.12. On C^, 

T = id^Ad^ 

= iddU (z) + iddV{w) + d{uv'wdw) + d{uv''wdw). 

Let A := i/w J {u'f\z\'^dz A d;z, B := i/i^ ^ {v'f\w\'^dw A (Mv. Then U{z) = 
A\og\z\,\z\ > l,V{w) = Blog\w\,\w\ > 1. We decompose T further: Let h := 
U{z) + V{w) - ^{A + B) log(l + l^p + Then 

LEMMA 6.13. On €? : 

T = iddh{z, w) + ^{A + B)uj + d{uv'wdw) + d{uv'wdw) 
w := iddlog{l + \zf + \wf). 

We extend T to as T, the trivial extension. We need to know that T has 
finite mass near [0:1:0] and [1:0:0] for T to be well defined. To extend first 
across the line at infinity, r] = away from [0:1:0] and [1 : : 0], we extend 
the three parts individually. First lo extends as the Kahler form, also called iv. The 
form uv'wdw has compact support and extends as S trivially. Next we investigate 
h near [0 : 1 : 0]. We calculate in local coordinates, [z : w : 1] = [Z : 1 : t], 
to get h{z, w) = h{Z, t)) = U{Z/t) + V{l/t) -^{A + B) log(l + \Z/t\'' + \l/t\^). 
When \Z/t\ > 1 we have U{Z/t) = Alog\Z/t\,V{l/t) = B\og\l/t\. So h{Z,t) = 
Alog\Z\ - A\og\t\ - Blog\t\ - i(A + i3)log(l + + \t\^) + 1{A + B)log\t\^ 
h{Z,t) = ^log|Z| - 5log(l + + 1^1^). Hence h{Z,t) extends smoothly across 
T] = except possibly at [0 : 1 : 0] and [1 : : 0] . In particular iddh extends trivially 
at 7/ = except at [1 : : 0] and [0:1:0]. Next we calculate in a neighborhood of 
[0:1: 0]. We get 



The function U{Z/t) + 7lIog|t| =: (j){Z,t) is plurisubharmonic when t and 
equals A log \Z\ when \Z/t\ > 1 or t = 0, Z ^ 0. So (j){Z, t) is plurisubharmonic away 
from the origin. Hence (j) has a well defined plurisubharmonic extension through 



h{Z,t) = U{Z/t)+A\og\t\ - 



A + B 
2 



log(l + |i|2 + |Z|2). 
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(0,0) by setting 4>{0,0) = — oo. It follows that h is a, global quasiplurisubharmonic 
function on with poles at [0 : 1 : 0], [1 : : 0]. Hence, 

LEMMA 6.14. The trivial extension f is given by f = ^^co + dS + dS + 
iddh, S = uv'wdw. 

It is easy to check that T is pluriharmonic on P^. 

End of Proof of Proposition 6.11: This follows since ddh has no mass on 
the line at infinity. Hence JdS AdS = ABj T AT = An"^ - 2AB and 

jTAuj = ^^l-K so if we let Ti = we find 

1AB 



I 



Ti A Ti = 1 



(^)47r2- 

The minimum is reached iov A = B and equals 1 — 



PROPOSITION 6.15. Let M be a complex surface and p e C^(M). Assume 

that dp is nan vanishing on X = {p = 0} and that [iddp)"^ = Q on X and also that 
iddp A dp A dp = 0{p^). Then T = iS^p-oydp A dp is a smooth positive harmonic 
current. Moreover T AT = 0. 

Proof: Choose axe C^(-l, 1), x > 0, /x = 1- Let 

T,=i^x{^) dp A dp. 

Then we have 

id&T, = --^x' (^) dp A ddp A dp -X (^) ddp A ddp. 
Clearly then iddT^ 0. 
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